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Abstract. Let G be an undirected connected graph with n; n  2, vertices and m edges with
vertex degrees  D d1  d2      dn D ı. Lower and upper bounds of a graph invariants
M1 D
Pn
iD1 d2i , referred to as the first Zagreb index, and NM1 D
P
iœj .di C dj /, named the
first Zagreb coindex, depending on parameters n, m,  and ı are obtained. The obtained results
represent improvement of the results reported in the literature.
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1. INTRODUCTION
Let G be an undirected connected graph with n; n 2, vertices and m edges, and
let D d1  d2  : : : dn D ı > 0 be the sequence of its vertex degrees.
In graph theory, a graph invariant is a property of graphs that does not depend on
graph representations, such as particular labeling of its vertices or drawings of the
graph. A number of different invariants have been introduced so far. One of the
oldest was introduced by Gutman and Trinajstic´ in 1972, known under the name first
Zagreb index, defined as the sum of squares of vertex degrees of graph, i.e. as
M1 D
nX
iD1
d2i
In [8] Dosˇlic´ proposed a new graph invariant named first Zagreb coindex, defined
as
NM1 D
X
iœj
.di Cdj /:
These graph invariants play an important role in many scientific areas, notably in
chemistry and network theory (see for example [12] and [1, 18]). In earlier works
[2, 3, 5–7, 9–17, 19], several bounds for M1 and NM1 were reported. These depend
on usual structural parameters (number of vertices, number of edges, vertex degrees,
and similar).
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In this paper we consider the problem of finding lower and upper bounds of a
graph invariants M1 and NM1. The obtained results represent improvement of the
results reported in the literature.
2. PRELIMINARIES
Here we recall some results from spectral graph theory, and state a few analytical
inequalities needed for our work.
Lemma 1 ([9, 16]). Let G be an undirected connected graph with n; n  2, ver-
tices and m edges. Then
M1  4m
2
n
(2.1)
Equality holds if and only if G is isomorph with a regular graph.
Lemma 2 ([10]). Let G be simple graph with n, vertices and m edges. Then
M1  4m
2
n
C n
4
.  ı/2 (2.2)
Lemma 3 ([10, 11, 15, 17]). Let G be simple graph with n vertices and m edges.
Then
M1  m
2
n
 r

ı
C
r
ı

!2
(2.3)
with equality if and only if G is regular graph, or G is bidegreed graph such that
C ı divides ın and there are exactly p D ın
Cı vertices of degree , and q D nCı
vertices of degree ı.
Note that complete conditions when equality in (2.3) occurs were given only in
[15].
Lemma 4 ([2]). Suppose G is a connected graph with exactly n vertices and m
edges. Then we have
NM1 D 2m.n 1/ M1: (2.4)
Lemma 5 ([14]). Let G be a simple graph with n vertices and m edges. Then
NM1   4m
2
n
C2m.n 1/; (2.5)
and
NM1  2m.n 1/  .C ı/
2
nı
m2: (2.6)
The equality holds if and only if G is regular.
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Lemma 6 ([4]). Let p1;p2; : : : ;pn be non-negative real numbers and a1;a2; : : : ;an
and b1;b2; : : : ;bn, real numbers with the properties
0 < r1  ai R1 <C1 and 0 < r2  bi R2 <C1
for each i D 1;2; : : : ;n. Further, let S be a subset of In D f1;2; : : : ;ng which minim-
izes the expression ˇˇˇˇ
ˇX
i2S
pi   1
2
nX
iD1
pi
ˇˇˇˇ
ˇ : (2.7)
Thenˇˇˇˇ
ˇ
nX
iD1
pi
nX
iD1
piaibi  
nX
iD1
piai
nX
iD1
pibi
ˇˇˇˇ
ˇ .R1 r1/.R2 r2/X
i2S
pi
 
nX
iD1
pi  
X
i2S
pi
!
:
(2.8)
3. MAIN RESULTS
3.1. The first Zagreb index
The following theorem establishes bound for M1 depending on parameters n, m,
 and ı.
Theorem 1. Let G be an undirected connected graph with n; n  2, vertices and
m edges. Then
M1  4m
2
n
C 1
2
.  ı/2: (3.1)
Equality holds if and only if G is isomorph with k-regular graph, 1 k  n 1.
Proof. From equality
nM1 4m2 D n
nX
iD1
d2i  
 X
iD1
di
!2
D
X
1ijn
.di  dj /2
and inequalityX
1i<jn
.di  dj /2 
n 1X
iD2
..d1 di /2C .di  dn/2/C .d1 dn/2

n 1X
iD2
1
2
.d1 dn/2C .d1 dn/2 (3.2)
D n 2
2
.  ı/2C .  ı/2 D n
2
.  ı/2
the inequality (3.1) is obtained.
Since equality in (3.2) holds if and only if d1 D d2 D   D dn, equality in (3.1)
holds if and only if G is isomorph with k-regular graph, 1 k  n 1. 
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Remark 1. Since . ı/2 0, the inequality (3.1) is stronger than inequality (2.1).
Theorem 2. Let G be an undirected connected graph with n; n  2, vertices and
m edges. Then
M1  4m
2
n
Cn.  ı/2˛.n/ (3.3)
where
˛.n/D 1
4

1  1C . 1/
nC1
2n2

:
Equality in (3.3) holds if and only if G is isomorph with k-regular graph, 1  k 
n 1.
Proof. Suppose that S is a subset of the form S Df1;2; : : : ;kg  InDf1;2; : : : ;ng
and that pi D 1, i D 1;2; : : : ;n. Then the expression (2.7) reaches the minimum if
kDbn
2
c, i.e. if S Df1;2; : : : ;bn
2
cg. Now, for pi D 1, ai D di , bi D di , i D 1;2; : : : ;n,
r1D r2D ı,R1DR2D and S Df1;2; : : : ;bn2cg, the equality (2.8) transforms into
n
nX
iD1
d2i  
 
nX
iD1
di
!2
 .  ı/2bn
2
c

n bn
2
c

; (3.4)
i.e.
nM1 4m2  n2.  ı/2 1
n
bn
2
c

1  1
n
bn
2
c

:
Since
˛.n/D 1
n
bn
2
c

1  1
n
bn
2
c

D 1
4

1  1C . 1/
nC1
2n2

from the above inequality we obtain (3.3).
Since equality in (3.4) holds if and only if d1 D d2 D   D dn, equality in (3.3)
holds if and only if G is isomorph with k-regular graph, 1 k  n 1. 
Remark 2. If n is even number, n 2, then ˛.n/D 1
4
, and if n is odd, n 3, then
˛.n/D .n 1/.nC1/
4n2
< 1
4
. This means that inequality (3.3) is stronger than inequality
(2.2) for each odd n, n 3.
Theorem 3. Let G be an undirected connected graph with n; n  2, vertices and
m edges. Further, let S be a subset of InD f1;2; : : : ;ng that minimizes the expressionˇˇˇˇ
ˇX
i2S
di  m
ˇˇˇˇ
ˇ : (3.5)
Then
M1 
4m2
 
1C
q

ı
 
q
ı

2
ˇ.S/
!
n
(3.6)
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where
ˇ.S/D 1
2m
X
i2S
di
 
1  1
2m
X
i2S
di
!
:
Equality in (3.6) holds if and only if G is isomorph with k-regular graph, 1  k 
n 1, or bidegreed graph such that C ı divides nı and there are exactly p D nı
Cı
vertices of degree  and q D n
Cı vertices of degree ı.
Proof. For pi D di , i D 1;2; : : : ;n, the expression (2.7) transforms into (3.5). Sup-
pose that S is subset of In D f1;2; : : : ;ng for which the expression (3.5) reaches a
minimum. Now for pi D di , ai D di , bi D 1di , i D 1;2; : : : ;n, r1 D ı, R1 D ,
r2 D 1 and R2 D 1ı the inequality (2.8) becomes
n
nX
iD1
d2i  
 
nX
iD1
di
!2
 .  ı/

1
ı
  1

X
i2S
di
 
2m 
X
i2S
di
!
(3.7)
i.e.
nM1 4m2  4m2
 r

ı
 
r
ı

!2
ˇ.S/
wherefrom the inequality (3.6) is obtained.
Equality in (3.7) holds if and only if d1 D d2 D   D dn, therefore the equality in
(3.6) holds if and only if G is isomorph with k-regular graph, 1 k  n 1.
Suppose C ı divides nı and that graph G1 has exactly p D nınCı vertices of
degree and qD n
Cı vertices of degree ı, where pCqD n. In that casemD nıCı
and expression (3.5) reaches the minimum if S D f1;2; : : : ;pg and ˇ.s/ D 1
4
. This
means that equality in (3.5) holds if and only if G is isomorph with bidegreed graph
G1. 
Remark 3. Since for each set S  In D f1;2; : : : ;ng holds ˇ.S/ 14 , we have that
4m2
 
1C
q

ı
 
q
ı

2
ˇ.S/
!
n

m2
q

ı
C
q
ı

2
n
:
This means that inequality (3.6) is stronger than (2.3).
Corollary 1. Let G be an undirected connected graph with n , n 2, vertices and
m edges. If ı D 1 then
M1 
4m2

1C .n 2/2
n 1 ˇ.S/

n
: (3.8)
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Equality holds if and only if G is isomorph with K1;n 1. If ı  2, then
M1 
4m2

1C .n 3/2
2.n 1/ˇ.S/

n
: (3.9)
Equality holds if and only if G is isomorph with graph K3.
Remark 4. Since ˇ.S/ 1
4
, it follows that inequalities (3.8) and (3.9) are stronger
of the corresponding proved in [15] (their Corollary 2.1) and [17] (their Corollary
2.3).
3.2. First Zagreb coindex
Now we give a theorems which provides a lower and upper bounds for NM1 in terms
of parameters n, m,  and ı.
Theorem 4. Let G be an undirected connected graph with n, n  2, vertices and
m edges. Then
NM1  2m
n
.n.n 1/ 2m/  1
2
.  ı/2: (3.10)
Equality holds if and only if G is isomorph with k-regular graph, 1 k  n 1.
Proof. The proof immediately follows by Lemma 4 and Theorem 1. 
Remark 5. The inequality (3.10) is stronger than (2.5).
Theorem 5. Let G be an undirected connected graph with n, n  2, vertices and
m edges. Then
NM1  2m
n
.n.n 1/ 2m/ n.  ı/2˛.n/:
Equality holds if and only if G is isomorph with k-regular graph, 1 k  n 1.
Proof. The proof immediately follows by Lemma 4 and Theorem 2. 
Theorem 6. Let G be an undirected connected graph with n, n  2, vertices and
m edges. Further, let S be a subset of InD f1;2; : : : ;ng that minimizes the expressionˇˇˇˇ
ˇX
i2S
di  m
ˇˇˇˇ
ˇ :
Then
NM1  2m.n 1/ 
4m2
 
1C
q

ı
 
q
ı

2
ˇ.S/
!
n
(3.11)
where ˇ.s/D 1
2m
P
i2S di
 
1  1
2m
P
i2S di

.
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Equality in (3.11) holds if and only ifG is isomorph with k-regular graph, 1 k 
n 1, or bidegreed graph such that C ı divides nı and there are exactly p D nı
ıCı
vertices of degree  and q D n
Cı vertices of degree ı.
Proof. The proof immediately follows by Lemma 4 and Theorem 3. 
Remark 6. Inequality (3.11) is stronger than (2.6).
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